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Abstract

This study considers a new approach for designing periodic discrete non-binary signals with perfect
autocorrelation properties. When applied in radar systems, these periodic signals provide both high resolution
distance measurements and high resolution Doppler speed measurements. The results of this study apply to
radar, navigation and communication systems.
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I. Introduction

The autocorrelation function (ACF) is one of the most important signal characteristics used in transmission and
information processing systems. Many systems use periodic signals, e.g. radar, sonar, radio navigation systems,
communication systems (synchronization and pilot signals), etc. When using periodic signals, it is appropriate to
use periodic ACF instead of aperiodic ACF and in this paper we consider only periodic signals with periodic
ACF. Many publications consider the properties of periodic ACF of signals; comprehensive lists of references are
presented in [1], [2], and [5].

This study considers a new approach for designing periodic discrete signals with perfect ACF [1]. This novel
method differs from currently known methods [1], [2], [5], and [12]. Samples of several periodic discrete signals
as functions of time are represented in Fig. 1. Aperiodic discrete signals of duration NT consist of N (where N is a
positive integer) rectangle pulses with duration T. Periodic discrete signals with a period of repetition NT consist
of sequences of aperiodic discrete signals of duration NT; i.e. the period of repetition NT of periodic discrete
signals is the same as the length of the aperiodic discrete signals.
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Periodic non-binary signals with no zero values over the full period of repetition are represented in Fig. la.
Periodic non-binary signals with some zero values are represented in Fig. 1b. Periodic binary signals (+1, -1) and
periodic ternary signals (+1, 0, -1) are represented in Fig. 1c and Fig. 1d respectively, and single pulse periodic
signals are represented in Fig. le. The width of the baseband spectrums of all aperiodic discrete signals of
duration NT (Fig. 1) is the same and is defined by the duration of rectangle signal pulse T; i.e. the spectrum width
is defined by the main lobe spectrum of the rectangle single pulse of duration T. The same property applies to
periodic discrete signals.

Using our new method, it is possible to design non-binary periodic discrete signals with perfect ACF for any
signal duration NT (N>2), i.e. for any period of repetition NT. When applying the new method to radar systems,
one can create periodic discrete signals capable of both high resolution time delay measurements and high
resolution Doppler speed measurements. This paper also considers the use of so called mismatched filters [2], [5],
[9], and [10] in order to achieve filter outputs which correspond to periodic signals with perfect ACF.

This study is divided into several sections. Section II presents our new approach for designing periodic non-binary
sequences with perfect ACF. In section III, we analyze properties of baseband non-binary signals with perfect
ACF, properties of radio signals and the Woodward ambiguity function. In section IV, we consider signal
processing using mismatched filters.

II. Periodic Discrete Sequences with Perfect Autocorrelation Function

Periodic discrete signals, as functions of time, consist of a sequence of N rectangle pulses of duration T with a
period of repetition NT (Fig. 1).

A numerical finite sequence Ay with length N corresponds to each periodic and aperiodic discrete signal [1],

An={ai} = (ag, a1, ay, ..., an.), (1)

where a; are elements of the sequence, N is the total number of elements, and i = 0,1,2, ..., N-1. The value of a;
defines the magnitude of rectangle pulses. Our goal is to find sequences (1) which correspond to signals with
perfect ACF. ACF for a periodic signal is also a periodic function with a repetition interval of NT, thus the perfect
ACEF for periodic signals must have only a single maximum on the interval NT with zero valued side lobes [1],[2],
and [5].

Therefore we search for sequences (1) which correspond to signals with perfect periodic ACF. In our search, we
chose to use the Ay class of sequences,

A®y={a®} = @%, a®, 2%y, ..., a%) = (N-0), -0, -a, -0, ..., -0), 2)
where N is, as above (1), the length of the periodic sequence, i = 0,1,2, ..., N-1, a®; are real positive, negative or

zero values, and a is the unknown value.

The periodic ACF of sequence (1) can be represented [1] as

RAN(T) = Z a ai-r(mod N)» i, = 05 1, 25 sy N_l, (3)

where i - T is the mutual shift between sequences {a;} and {a;.} in T steps, which is taken in modulo N(mod N)
[1]. Since these sequences are periodic, a modulo N operation means that the mutual shift is the cyclic (or circle)
shift of sequences{a;} and {a;.}. An explanation of the cyclic shift periodic sequences Ay = {a;} is presented in

[1].
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For sequence A®y in (2), the periodic ACF is

RO (D) =Y a”% 2% moarny, 1, 7=0,1,2,...,N-1. (4)
1

An explanation of the cyclic shift of sequences {a'®;} and {a'®..} is presented in Table 1 of the Appendix.
The maximum of ACF (4) for sequence A“x (2) is:
RYsn(1=0) = Y (@)’ = (N-0))* + 0(N-1), when 7= 0. (5)
i

We observe from (4) and the cyclic shifted sequences Ay® = { a; } in Table 1 of the Appendix that the values of
ACF R™,\ (1) for any 10 on interval N are the same and equal:

R\ (1£0) = -2a(N-a)) + 0*(N-2), for any 0. (6)

In order to achieve a perfect ACF, the values of R,y () should have a zero value for any 0.
Values of a which satisfy this condition for perfect ACF may be found using the following equation:

R®n(1#0) = -2a(N-a) + o (N-2) =0. (7)

Equation (7) has two solutions for & when R‘“ () is zero for any t0:
o=0a;=0 and o=0,=2. (®)

Sequences AYy (2) with o, and a, can be represented as:

A“Dy = ((N-0), -0, -0, ..., -0) = (N, 0,0, 0, ..., 0, 0), if o = o, =0, and

)
Ay = ((N-0), -0, -0, ..., -0) = ((N-2), -2, -2, ...,-2,-2),ifa=a,=2.

For the case where o = a; =0, the periodic sequence A"y with length N has only one a®; value which is non-zero
and we designate this sequence as A"y = A)\. Sequence A”)y corresponds to the classic case of periodic single
pulse signals (Fig. 1d). For the case where a = a, =2, the periodic sequence Ay does not have any zeros on the
entire interval N for any N>2 and it corresponds to periodic non-binary signals (Fig. 1a) with only two values of
rectangle pulses: plus (N-2) and minus 2. We designate this sequence as Ay = A\,

The ACF of both sequences A"y = A%y and Ay = Ay are the same (5), (6), and (8):
R (1) = (R“4n (1=0), 0,0, ...,0,0,0)=(N0,0,0, ..., 0,0, 0), (10)
where:
R@x (1 =0) = (N-0)° + 0*(N-1) = N*-4N+4 +4N-4 = N, if 0. = o, = 2,
R@n(1=0)=N? ifa=0,=0, and
R\ (1£0) = 0, if ¢ = 0, =0 or o=, =2.
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Thus, periodic sequences A = AQ and A®y = AYy (9) on the whole interval N have the same ACF with
only one value that is not zero Ry (1)=N?, when t = 0 (10), and R sy (1)=0 for any t0. This result means that
both periodic sequences A®’y = A®y and Ay = A®y (9) have the same shape of ACF with perfect periodic
autocorrelation properties.

Sequences A%y (a = a, =2) (9) which do not have zero values on the interval N can be created for any N>2. For
the same value of N (N>2), sequences A”y also include all cyclic shifted and invert polarity sequences. Some
examples of cyclic shifted and invert polarity sequences A®y for the same values of N are:

A@D = (=2,(N=2),-2,-2,...,—2,-2),
A®y = (=2,-2,-2,..,—2,(N=2),-2),
A@ = (-(N=2), 2, 2,.., 2, 2, 2),
ADy= (2, 2, 2,.., 2-(N-2), 2).

(11)

All of the cyclic shifted and invert polarity sequences of (11) have the same periodic perfect ACF (10) for the
same value of N (N>2).

The following are examples of sequences A“@y = A®) (9) for partial values of N:
N=3, A%=(1,-2,-2),
4,  APu=(,-2,-2,-2)=2(1,-1,-1,-1),
=5, A%%=(3,-2,-2,-2,-2),
8, A%=(6,-2,-2,-2,-2,-2,-2,-2)=243,-1,-1, -1, -1, -1,-1, -1), (12)
9, A%%o=(7,-2,-2,-2,-2,-2,-2,-2,-2),
N=12, A%n=(10,-2,-2,...,-2,-2)=2+(5,-1,-1, ..., -1, -1),
N=16, A%16=(14,-2,-2,...,-2,-2)=2+(7,-1,-1, ..., -1, -1).

It is important to note that periodic sequences A"y = A®y and Ay = APy (9), (12) are the simplest sequences
from all the sequences with perfect autocorrelation properties which can be created utilizing this new approach.

For instance, using the same approach it is possible to show that for the following discrete sequences from the
class of Ay sequences (2):

Ay = AY\= ((N-), 0, -a, 0, -0, o, -0, &, -0, 0, ..., -0, 0l),
A(“)N= A= ((N-0), -0, a, a, -a, -a, o, d, ..., -0, -0, o, o), and
A9y = AT = ((N-a), 0, 0, -0, -0, o, 0, =0, ..., 0L, O, O, - 0L,
when 0=2 they can be represented as A”"y, A and ATy
AYN=((N-2),2,-2,2,-2,2,...,-2,2),
AT =((N-2),-2,2,2,-2,-2, ...,-2,-2, 2, 2), and (13)
ATTTN=((N-2),2,2,-2,-2,2,2,...,-2,2 ,2,-2),
and all of these sequences have perfect periodic ACF.

The first element of these sequences (N-2) (13) is the same as in sequence A®y (2), but the other elements are
distinguished by only polarity, i.e. the plus or minus signs are different. In addition, if the sequences A“®y = A®y
(9) (12) have perfect periodic ACF for any N (N>2), sequences A”"y (13) have perfect periodic ACF only for
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even N (N=4, 6, 8, 10, 12, ...) and sequences A"y, A“")(13) have perfect ACF only for N=4, 8, 12, 16, 20,
etc. Some samples of these sequences are presented here:

A" =(2,2,-2,2) = 2.(1, 1,-1, 1),

AT =(2,-2,2,2) =2.(1,-1,1, 1),

AT =(2,2,2,-2) = 2.(1, 1, 1, -1),

A" e=(4,2,-2,2,-2,2) = 2.2, 1,-1, 1, -1, 1), (14)
AT 5=(6,-2,2,2,-2,-2,2,2) =2.3,-1,1,1,-1,-1, 1, 1),

AT =(6,2,2,-2,-2,2,2,-2) = 2.3, 1,1,-1,-1, 1, 1, -1),

A" =(10,2,-2,2,-2,2,-2,2,-2,2,-2,2)=2«5,1,-1,1,-1, 1, -1, 1, -1, 1, -1, 1).

Note that for N=4 the sequences APy (12), A7 \y, A© 7 yand A" ), (14) are identical to sequences of
one type of orthogonal Hadamard matrix, namely the orthogonal Hadamard back-circulant matrix for N=4 [3].
The orthogonal back-circulant Hadamard matrix for N=4 can be represented as:

Ik
+4++-10
+4+—+|[1
+—++|2 (15)
+—-——-13
where k (k= 0, 1, 2, ..., N-1) is the matrix row number. The sequences A™" .y, A"y, ATy (14) and
AP, (12) correspond to sequences of the orthogonal Hadamard back-circulant matrix (15) with row number k
=0, k=1, k=2 and k=3 respectively. As it is well known that all periodic sequences of a orthogonal Hadamard
back-circulant matrix (15) have perfect periodic ACF [1], [2], and all aperiodic sequences of matrix (15) are also
Barker code sequences for N=4 [11].

Hy=Hyes =

The following are additional examples of more complicated non-binary sequences with perfect periodic
autocorrelation properties which can be created using this new approach:

N= 9, AN:9 = (1747_2,17_5,-271,-57_2)7
N= 95 AN=9/O =3 (13250:15_150915_150)5
(16)
N=12, An-12=3+(1,1,2,1,-1,0,1,1,-2,1,-1,0),
N=16, Avrg= 26(1,1,3,-1,1,-3,-1 -1,1,1,-5-1,1,3 -1,-1).

These sequences are different from sequences A®Px—o, AP\o1> and AP\i6 (12) and sequence A"\, (14),
however all of them have perfect periodic ACF. SequencesAn—y and Ax-6(16) correspond to the type of periodic
non-binary discrete signals in Fig. 1a and sequences An—oand An-;, correspond to the type of periodic non-binary
discrete signals in Fig. 1b.

In this paper, we do not consider the properties of all of the above sequences with perfect periodic ACF; we only
consider the properties of periodic signals which correspond to sequences A"y = A¥y and Ay = A%y (9).
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II1. Periodic Discrete Signals with Perfect Autocorrelation Function

Periodic signals S(O)ANT(t) and S(Z)ANT(t),which correspond to sequences AQy and APy (9), and ACF Rgay (1) of
these two periodic signals are represented in Fig. 2a, Fig. 2b, and Fig. 2c, respectively.

Periodic signal Syt (t) (Fig. 2a) is the classic case of a periodic single pulse signal where T is the pulse duration
and NT is the period of repetition (where N is a positive integer and usually N>>1) [5], [6]. These signals have
only one non-zero value over the entire period of repetition NT (Fig. 1e).

Periodic signals S® v (t) (Fig. 2b) are the sequences of rectangle pulses of duration T coded in accordance with
sequences A“?y = APy (0= 0,=2) (9).

SO ant (1)
a) a; =0 N —‘
—= T = 7 :
NT
S@ant (O
b) a,=2 N -2 r -2
V]
] T
— T <— =T =< 0
NT
Rsan (O T _
<) N? /\
— 2T = : T
< NT =i
Figure 2

These periodic signals do not have a zero value over the entire period of repetition NT (N>2).

It is necessary to emphasize that periodic signals S xxr (t) and S axr (t) have the same shape of ACF Rgay (1) (
Fig. 2¢) despite of the differences of their signal structures (Fig. 2a, Fig. 2b). Also, the signals which correspond
to sequences A7y (N=4,6,8.10, ...), A”"yand A" " (N=4,8,12, ....) (13), (14) have the same shape of ACF
Rsan (1) (Fig. 2c¢). As previously described, the width of the baseband spectrums of both periodic signals
S@ vt () and S@anr (t) and also periodic signals with corresponding sequences A™ "y, AT, Ay are the
same and is defined by the duration of the rectangle signal pulse T.

The periodic radio signal S®ga (t) coded in accordance with sequence Ay (o = a, =2) (9) is represented in Fig.
3c.
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Binary phase coding of carrier frequency is used to code the polarity of sequence A®y. The periodic radio signal
SPpan (t) with a duration of NT consists of two parts: the first part with a duration of T has zero phase and the
second part with a duration of (N-1)T has opposite phase.

Periodic radio signal S@gax (t) can be represented as the sum of two radio signals, namely periodic radio signal
Sgrr (t) of duration T and a period of repetition NT (Fig. 3a), and continuous wave (CW) signal Sgcew(t) (Fig. 3b).
Notice that these two types of signals are used in different kinds of radar systems, namely in periodic
unmodulated single pulse radar systems and in CW radar systems [5], [6].

The Woodward ambiguity function (WAF) is the main characteristic of radar systems [4], [5], [6], [7], and [8].
WAF defines the resolution capability in the time domain and in the frequency domain. In the time domain, WAF
defines resolution, i.e. accuracy, of time delay (distance) measurements At. In the frequency domain, WAF defines
resolution of Doppler shift frequency (speed) measurements Awp. For periodic signals, WAF is also a periodic
function with a period of repetition NT.

Pulse radars can provide high resolution of time delay measurements At=T with prefect ACF defined by the pulse
duration T (Fig.3a). But pulse radars can not provide high resolution of Doppler frequency shift (speed)
measurements. CW radars can provide high resolution of Doppler shift frequency (speed) measurements
Awp=27/Ty, where Tyy >> T (Ty is the measurement time), but cannot provide high resolution of distance
measurements.

The periodic radio signal S®gax (t) (Fig. 3¢) combines the features of single pulse signals and CW signals that are
beneficial for high resolution measurements in both the time and frequency domains.The periodic radio signal
S@gan (1) can provide high resolution of time delay (distance) measurements At=T with perfect ACF and can also
provide high resolution of Doppler frequency shift (speed) measurementsAwp=27/(N -1)Tduring time interval (N-
)T (Fig. 3¢ - CW signal duration (N-1)T).

Since no perfect WAF has been defined yet for periodic discrete signals, we can introduce the following
definition. For periodic discrete signals of duration NT, a perfect WAF on interval NT must have the same shape
as the WAF for a periodic single unmodulated pulse signal with a time delay measurement resolution At=T
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(perfect ACF) and with a Doppler frequency shift measurement resolution (potential) Awp=27/NT. Notice that T
and N are the primary parameters of discrete periodic signals. In accordance with this definition, we observe that
periodic signal S@gan (t) (Fig. 3¢) provides not only perfect ACF, but also can provide nearly perfect WAF with
time delay resolution measurements At=T and Doppler frequency shift resolution measurements Aop=2n/(N-1)T.

The main deficiency of periodic signals which correspond to sequences A®y (o = o, =2) (9) is a large peak-factor
v value, which is the ratio between peak and average signal power [2], [5]. The peak-factor for sequences Ay =
AP\ is

V(Z)AN: Pmax/Pav: (N_2)2/N5 ( 1 7)

where maximum power (also known as peak-power) P, = [a®|> = (N-2)* and average power P,, = ¥ (a/”})*/N =
R?,y (t=0)/N = N.There are several ways to reduce the peak-factor v; one way is related with the use of
mismatched filters.

IV. Signal Processing Using Mismatched Filters

Consider periodic discrete sequences Cy and Dy of duration N:

CN: {Ci} = (C(), C1,Co, "'7CN—1) = (C(), -2, -2, -2, ceey -2),

(18)
DN: {dl} = (dO: dl,d25 [ERE dN—l) = (d03 _25 _25 _25 cees _2)

These periodic sequences can be distinguished from sequences A“?\=A®y (0. = 0, =2) (9) by the value of only the
first elements, i.e. the value of ¢, and d,.

Let us assume that sequence Cy corresponds to the transmitted signal and sequence Dy corresponds to the filter
which is used for processing of this signal. The cross correlation function (CCF) of these two sequences Rcpy (1)
corresponds to a signal on the output of the processing filter. It is possible to show that only under the condition

co + do =2(N-2) (19)

the cross correlation function of these two sequences Repy (T) has only one maximum when =0 and has a zero
value Repy (T) =0 when 1£0.

In the case when cy= dy = N-2, sequences Cy and Dy (18) are equal and their cross correlation function Repy (7) 1s
the same as autocorrelation function (ACF) R,y (1) (10)

Repn (T) = RPun (1), if co=dy=N-2. (20)

Decreasing the value of ¢q (co < N-2) in the sequence Cy leads to a reduction of peak-factor of the periodic discrete
signal because the sequence Cy corresponds to the signal. The filter corresponding to sequence Dy (dy> N-2) and
satisfying the condition (19) can be used to process this signal. In this case, the output signal of this filter,
corresponding to cross correlation function Repy (1), has the only one maximum on the interval NT and the filter
is a mismatched filter.

Below we provide several samples of sequences Cy and Dy, where ¢y<N-2 and dy>N-2, and ¢, and d, satisfy
condition (19), i.e. ¢y + dy = 2(N-2). These samples are represented by pairs of sequences Cy and Dy which
correspond to pairs of signals sequences Cy and mismatched filters sequences Dy for various N.
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N=10 and c,+ dy=2(N-2) =16

co=dy=N-2=8, Cx=(8,-2,-2, ..,-2,-2), Dn=(8,-2,-2, .., -2, -2),
=6, do=10, Cx=(6,-2,-2, .., -2,-2), Dn= (10,2, -2, .., -2, -2),
co=4, do=12, Cn=(4,2,-2,..,-2,-2), Dn=(12,-2,-2, .., -2, -2),
N=20 and ¢, + do= 2(N-2) =36 Q1)
co=d=N2=18,  Cy=(18,-2,-2,.,-2,-2), Dn=(18, 2,2, .., -2, -2),
co=12, do=24, Cn=(12,-2, -2, ..,-2,-2), Dn= (24,2, -2, .., -2, -2),
=6, do=30, Cx=(6,-2,-2, .., -2, -2), Dn= (30,2, -2, .., -2, -2),
co=4, dy=32, Cn=(4,2,2,.,-2,-2), Dn=(32,-2, -2, .., -2, -2).

In all of the above samples (21), the value of N defines the length of sequences Cy and Dy.

The case ¢y = dy=N-2 (co + dy=2(N-2)) (21) corresponds to the use of a matched filter. In this case, CCF R¢py (1)
and ACF R .y (1) are the same (20). In all other cases, ¢, < N-2 and dy > N-2, but ¢, + dy = 2(N -2) (21), and the
processing output signals of a mismatched filter is CCF of Cy (signal) and Dy (filter). This CCF has only one
maximum on interval NT without any side lobes. A single maximum without any side lobes means that these
output signals corresponds to perfect ACF, however the peak-factor for signal Cy is lower because ¢y is lower than
N-2.

In the case of additive white Gaussian noise (AWGN) channels, the use of mismatched filters leads to losses of
signal to noise ratio (SNR) at the output of mismatched filters compared to the SNR of matched filters, i.e. filters
when ¢y = dy = N-2. The decrease of SNR is a result of the decrease of the maximum output signal values of
mismatched filters compared with the maximum output signal values of matched filters. The decrease of SNR is
also a result of the increase of noise power on the output of mismatched filters compared with noise power on the
output of matched filters. The SNR ratio on the outputs of mismatched filters can be calculated using methods in
[2] and [5].

By analyzing these cases, we observe that signal processing using mismatched filters is related with the use of
sidelobe suppression filters [2], [5] and [10] for binary signals. When ¢y =2 for any value of N, all input signals
which correspond to the sequences Cy = (¢, -2, -2, -2, ..., -2) = (2, -2, -2, -2, ..., -2) (18) are binary signals (Fig.
Ic). The ACF of these signals have side lobes on interval NT and by processing these signals with filters
corresponding to sequences Dy= (do, d;, da, ..., dx.1) = (do, -2, -2, -2, ..., -2), where dy = 2(N-2) - ¢o=2(N-3) (19),
it is possible to obtain filter output signals which correspond to signals with perfect ACF; i.e. these output signals
have only one maximum without any side lobes. Filters with these properties are called side lobe suppression
filters (SLSF) [2], [5], and [10]. Below we provide several examples of sequences Cy = (2, -2, -2, -2, ..., -2)
which correspond to binary signals and sequences Dy = (dy, -2, -2, -2, ..., -2) which correspond to processing
SLSFs where dg=2(N-2) — ¢o= 2(N-3).
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N=5, Ch=1(2,
N=7, Cv=(2,
N=10, Ch=1(2,
N=20, Ch=1(2,
N=80, Ch=1(2,
N=500, Ch=1(2,

2,-2,-2,-2),

2,:2,-2,-2,-2,-2),
2,:2,2,...,-2,-2),
2,:2,-2,...,-2,-2),
2,:2,:2,...,-2,-2),
2,:2,2,...,-2,-2),

DN = (4a _25 _25 _25 _2)9

Dy=(8,-2,-2,-2,-2, -2, -2),
Dy=(14,-2,-2,-2, ..., -2, -2),
Dn=(34,-2,-2,-2, ..., -2, -2),
Dy=(154,-2,-2,-2, ..., -2, -2),
Dy =(994, 2,2, -2, ..., -2, -2).

In all of the above samples (22), the length of sequences Cy and Dy equals N. When ¢, = 2, these signals are

binary signals (Fig. 1c¢) and for periodic binary signals the peak-factor v (15) equals 1.

It is clear that the use of SLSFs also leads to some losses related with the increase of SNR at the filter outputs [2],

[5].

V. Conclusion

This paper presents a new method for designing periodic discrete non-binary signals with perfect ACF. When
applied to radar systems, these signals provide high resolution distance (time delay) measurements together with
high resolution Doppler frequency shift (speed) measurements. It is shown that when using mismatched filters for

processing periodic non-binary signals, it is possible to reduce the peak-factor v of these signals.

Appendix

Cyclic shifted periodic sequences Ay = {a®;} = (N- a), -0, -a, -0, ...... , -0)

Table 1
T {a(a)i-‘r} ( a(a)i-‘r (mod N))
0 {a® (N-a), -a, -0, ...... , -0, -0,
1 {a”, ) -a, (N-a), -0, ...... , -0, -0,
2 {a®,,} -a, -0, (N-a1), ...... , -0, -0,
N-1 {a(“)i_(N_l)} -0, -0, ~Cl, ....... , -0, (N-a)
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